Abstract. The Hantzsche-Wendt space is one of the 17 multiply connected spaces of the three-dimensional Euclidean space E 3 . It is a compact and orientable manifold which can serve as a model for a spatial finite universe. Since it possesses much fewer matched back-to-back circle pairs on the cosmic microwave background (CMB) sky than the other compact flat spaces, it can escape the detection by a search for matched circle pairs. The suppression of temperature correlations C(ϑ) on large angular scales on the CMB sky is studied. It is shown that the large-scale correlations are of the same order as for the 3-torus topology but express a much larger variability. The Hantzsche-Wendt manifold provides a topological possibility with reduced large-angle correlations that can hide from searches for matched back-to-back circle pairs.
Introduction
An interesting aspect of cosmology concerns the global spatial structure of our Universe, that is the question for its topology. Since the standard ΛCDM concordance model of cosmology is based on the spatial flat space, the topological question might be restricted to space forms admissible in the three-dimensional Euclidean space E 3 . There are 18 possible space forms which are denoted as E 1 to E 18 in [1, 2] . The space E 18 is the usual simply connected Euclidean space without compact directions. The remaining 17 space forms possess compact directions and are thus multiply connected. The usual three-dimensional Euclidean space E 3 can be considered as their universal cover which is tessellated by the multiply connected space forms into spatial domains which have to be identified. Eight of the 17 space forms are non-orientable manifolds which are usually not taken into account in cosmology. Thus there are 9 orientable multiply connected manifolds and 6 of them are compact. The focus is usually put on the 6 compact space forms E 1 to E 6 . From these the 3-torus topology E 1 has attracted the most attention and its cosmological implications are well understood. The E 1 space has the simplifying property that the statistical cosmological properties are independent of the position of the observer for which the statistics, e. g. of the cosmic microwave background (CMB) radiation, is computed. This simplification is not possible for the other compact orientable multiply connected manifolds E 2 to E 6 and the statistics of the CMB simulations, on which the focus is put in this paper, have to be computed for a sufficiently large number of observer positions on the manifold in order to obtain a representative result for such an inhomogeneous manifold.
A method to detect a non-trivial topology of our Universe is the search for the circles-in-the-sky (CITS) signature [3] . Since the space is multiply connected, the sphere from which the CMB radiation is emitted towards a given observer can overlap with another sphere belonging to a position in the universal cover which is, due to the topology, to be identified with that of the considered observer. The intersection of such spheres leads to circles on the CMB sky where the temperature fluctuations are correlated according to the assumed topology. The simplest situation is realised by two circles whose centres are antipodal on the CMB sky. Such circle pairs are called "backto-back". This is the type of matched circle pairs which is the easiest one to discover in CMB sky maps. The non-back-to-back matched circle pairs have two further degrees of freedom due to the position of the centre of the second circle. This significantly enlarges the numerical effort in the CMB analysis and, in addition, increases the background of accidental correlations which can swamp the true signal of a matched circle pair. There are a lot of papers devoted to the CITS search [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] . The result is that there is no convincing hint for a matched back-to-back circle pair in the CMB data with a radius above 25
• . . . 30
• . Smaller back-to-back circle pairs are not detectable [15] . This leads to the question whether space forms without back-to-back circle pairs can get missed by these searches. Restricting to the Euclidean case with its 6 compact orientable space forms, one finds that only the E 6 space form does not possess large back-to-back circle pairs. This space form is also called Hantzsche-Wendt space [17] .
Therefore, the Hantzsche-Wendt space is a candidate for cosmic topology worth studying its implications on the CMB sky. The CMB angular power spectrum is computed for a single observer position in [18] for low multipoles, and a suppression of temperature correlations on large angular scales is found. Besides this, there are no further CMB analyses in literature, although [2] describes the eigenmodes of that space form allowing the computation of CMB fluctuations for an observer at the origin of the coordinate system. The aim of this paper is to provide a CMB analysis of the temperature correlations on large angular scales for a huge sample of observer positions in order to allow a comparison with the CMB observations.
Hantzsche-Wendt Topology
The Hantzsche-Wendt manifold E 3 /Γ is the quotient of the Euclidean space E 3 by the holonomy group Γ which is generated by the transformations
with the topological scale defining parameters L x , L y , and L z . These generators are halfturn corkscrew motions, since each transformation contains a rotation by π, and lead to a fixed point free symmetry group Γ. The definition (1) of the generators of Γ agrees with that in [19, 18] but, however, differs from that in [2, 20] . The various definitions of the generators of Γ all lead to the same manifold, of course, but correspond to different positions on the manifold which are taken as the origin of the reference system. It is convenient to describe the positions x by dimensionless coordinates x, y, z ∈ [−0.5, 0.5], such that a position (x, y, z) with x := (xL x , yL y , zL z ) refers to corresponding positions in Hantzsche-Wendt spaces defined by different sets of topological length scales.
In the following, we will measure L x , L y , and L z in units of the Hubble length L H = c/H 0 . The parameters of the ΛCDM concordance model used in this paper are obtained from Table 8 , column "WMAP+BAO+H 0 " of [21] stating the values Ω bar = 0.0456, Ω cdm = 0.227, a present day reduced Hubble constant h = 0.704, a reionization optical depth τ = 0.087, and a scalar spectral index n s = 0.963. These parameters lead to a diameter of the surface of last scattering of D sls = 6.605 in units of L H ≃ 4.258 Gpc. The order of the topological length scale should not significantly be above D sls in order to leave a signature on the CMB sky [22] .
The fact that all three generators are half-turn corkscrew motions leads to the important consequence that the matched circles pairs with the largest radii are not of the back-to-back type. The difficulties in detecting such matched circles pairs motivate the CMB analysis of the Hantzsche-Wendt space as discussed in the Introduction. Let us now discuss how many matched back-to-back circle pairs exist for a given Hantzsche-Wendt manifold on the corresponding CMB sky. Although, for general observer positions, the generators do not lead to back-to-back circles, it is clear that the group element obtained by applying one of the generators twice, will lead to a back-toback circle pair since the two rotations by π lead to a full turn. That transformation, however, has twice the length scale L x,y,z and matched circle pairs with smaller radii in turn. This example shows that the group Γ generated by (1) contains pure translations, i. e. without a corkscrew motion. The point is, however, that these group elements lead to circles with smaller radii.
Let us define N α as the number of matched back-to-back circle pairs with a radius greater than α. The larger the value of N α for α > 25
• is, the more increases the likelihood that the topology will be detected by a CITS search. The dependence of N α on the size of the Hantzsche-Wendt space is shown in figure 1 . This panel shows that one back-to-back circle pair exists for L up to L ≃ 6 for special observer positions. This can be read off from the definition of the group generators (1) . Consider the first generator in (1) and set y = z = 0 such that the selected position is on the axis of rotation belonging to this generator. Then the positions on the axis of rotation, i. e. the x axis, have all to be identified if their distances are multiples of L x from each other. This leads to back-to-back circles with circle centres on the axis of rotation for such special selected observer positions. But an arbitrarily chosen observer will not observe back-to-back circle pairs for L > 3. Other considerations concerning the largest circle pair can be found in [23, 24] .
One thus concludes that the Hantzsche-Wendt space with L > 3 will not be discovered by searches for matched back-to-back circle pairs. Even for slightly smaller topological length scales, the matched back-to-back circle pairs possess small radii so that large parts of a circle could be obscured by residual foregrounds. The original motivation for studying cosmic topology derives mainly from the natural ability of multiply connected spaces to suppress the temperature correlations on large angular scales on the CMB sky. At least, if the multiply connected spaces are smaller than the surface of last scattering. It is therefore important to compute these CMB temperature correlations for the Hantzsche-Wendt manifold for various values of L and for a large set of observer positions in order to allow a representative comparison with the CMB observations. This requires the computation of the eigenmodes of the Laplacian in the Hantzsche-Wendt space which is the topic of the next section.
Eigenmodes in the Hantzsche-Wendt Space
In Euclidean space the eigenmodes can be represented as linear combinations of plane waves. They are discussed in [19, 18, 2, 25] , where they are given with respect to the origin of the considered coordinate system. For a CMB analysis build on a large set of observer positions, it is, however, necessary to effectively calculate the eigenmodes in the spherical basis with respect to an arbitrarily chosen observer position. This can be achieved in the following way.
In the Hantzsche-Wendt space the eigenmodes can be expressed as a linear combination of four plane waves
Since the eigenmodes have to be invariant under the action of the holonomy group Γ generated by (1), the wave numbers k take on the values
with some restrictions to (n x , n y , n z ). The factor γ in (2) takes on the value 1/ √ 2 if two of the numbers n x , n y , n z are equal zero and is one otherwise. This definition of γ leads to normalised eigenmodes. The allowed values of the numbers n x , n y , n z are n x , n y , n z ∈ N, −n x , −n y , −n z ∈ N, and n x = 0, n y , n z ∈ N and cyclic permutations thereof. Finally, the last possibility is n x = n y = 0, n z ∈ 2N together with cyclic permutations. The wave numbers k j and the phases φ j occurring in the plane wave representation (2) are related to k, equation (3), by
Let us expand in the plane wave for a general observer position x o , i. e.
the factor exp(i k j ( x − x o )) with respect to the spherical basis using
with r = | x − x o | and k = | k|. Furthermore, j l denotes the spherical Bessel function, Y lm (n) the spherical harmonics, and the unit vectorn provides the usual angles ϑ and φ as arguments for Y lm .
Note that the wave numbers k 2 , k 3 , and k 4 are obtained from k 1 by a half-turn rotation around the x-, y-, and z-axis in the k space, respectively,
This allows to rewrite Y lm (n j ) withn
where
−imγ denote the Wigner polynomials. By setting the angles α j , β j , γ j according to the rotations (6), the plane wave can be written as
. The next step is to construct real eigenmodes from the expression (8) . One defines a complex coefficient c and obtains the real eigenmode
With the observer position dependent phases
and
the real eigenmode can be written as
one can write the eigenmode as Ψ
In CMB simulations a Gaussian random superposition of the eigenmodes is required. One has to ensure that all eigenmodes contribute with the same statistical weight. This can be realised by Gaussian random coefficients c = (c R + ic I )/ √ 2, such that real and imaginary parts c R and c I are Gaussian random variables with zero mean and unit variance and thus |c| 2 = 1. However, one special case has to be taken into account. If at least one of the components k x , k y or k z of the wave number k vanishes, the function in (8) is already real or purely imaginary. In that case the coefficient c has to be multiplied by an additional factor 1/ √ 2 to ensure the same statistical weight. 
CMB Statistics
The CMB anisotropies δT (n r ) are expanded with respect to the spherical harmonics
which leads to the multipole moments
Here, P (k) ∼ k ns−4 with k = | k| denotes the initial power spectrum and T l (k) is the transfer function. The transfer function is computed for the cosmological parameters given in section 2 using the full Boltzmann physics. The multipole moments C l are related to the full-sky temperature 2-point correlation function
by the equation Figure 2 shows the correlation function C(ϑ) for the ΛCDM concordance model as well as those obtained from the unbinned WMAP 9yr angular power spectrum C l [26] using equation (17) . Furthermore, the correlation C(ϑ) is plotted for the Hantzsche-Wendt space using the multipole moments (15) in equation (17) for the length parameters L = 2.3, 2.7, 3.1, and 4.5 with L = L x = L y = L z . Here and in the following, we mean with the ΛCDM concordance model the model with the E 18 topology, while both the ΛCDM model as well as the Hantzsche-Wendt space are considered for the same set of cosmological parameters.
Suppression of Large-Scale CMB Correlations
The COBE mission made the important observation that the temperature fluctuations δT (n r ) are almost uncorrelated above angular scales of ϑ = 60
• [27] . The lack of correlations is unexpected since the ΛCDM concordance model predicts much higher correlations. This strange behaviour persisted every time, new and improved CMB data were released. An analysis of the correlations C(ϑ) concerning various combinations of recent CMB data sets and diverse masks can be found in [28, 29] . The discrepancy between the CMB data and the concordance model is also illustrated by figure 2 which emphasises the large values predicted by the ΛCDM model. The lack of correlations above ϑ = 60
• is conveniently described by the scalar statistical measure
which is introduced in [30] . A compilation of the values of S(60 • ) based on various CMB data sets and masks can be found in [28, 29] . The latter paper concludes that C(ϑ) is "anomalously low in all relevant maps since the days of the COBE-DMR".
Since compact multiply connected spaces possess a lower cut-off in their wave number spectrum { k }, see for example (3), they could provide a natural explanation for the lack of correlations. In the following an analysis is presented for the regular Hantzsche-Wendt space for which the three lengths L x , L y , and L z are equal.
Full-sky CMB analysis
In this section we study the full-sky correlations obtained from numerous simulations of CMB maps based on the Hantzsche-Wendt topology. Models with the topological length scale L = L x = L y = L z are studied from L = 1.5 to L = 6.0 in steps of ∆L = 0.1. Between L = 6.0 and L = 9.0 a step size of ∆L = 0.5 is chosen. As already emphasised, the considered topology is inhomogenous and requires a CMB analysis for a large set of observer positions x o . Using the dimensionless coordinates (x, y, z) with x := (xL x , yL y , zL z ), observer positions on the cube with x, y, z ∈ [0, 0.5] with a step size of 0.01 are chosen. This leads to 51 3 positions x o for which the CMB is computed for each value of L. For each position x o and each value of L, a set of 50 000 simulations is generated according to the multipole spectrum (15) and the S(60 • ) statistic is calculated. This allows the determination of the median of the distribution of S(60 • ), so that the probability to observe a value larger than the median or a smaller one is 50% in either case. Since the distribution of S(60 • ) is asymmetrical, the median is preferred to the mean. We thus obtain the median of S(60
• ) for each of the 51 3 positions from which the mean value over all observer positions is computed for fixed L. Furthermore, the maximum and the minimum of the position dependent median is determined, and the position is stored of that observer to whom belongs the largest or the smallest median.
The results are shown in figures 3 and 4. Figure 3 reveals the suppression of correlations compared to the ΛCDM concordance model, whose S(60 • ) median is plotted as a horizontal line. For lengths below L ≃ 4, the large-scale correlations of the Hantzsche-Wendt space are at least a factor of two smaller than those of the ΛCDM model. For the minimum of the median, the suppression is remarkable even up to length scales of almost L = 5 where the figure reveals a plateau. The diameter of the surface of last scattering is D sls = 6.605, so that the suppression is less pronounced for L > D sls as it is confirmed by figure 3. At L = 9 the mean of the median of S(60
• ) nearly agrees with the ΛCDM value. We showed in section 2 that the Hantzsche-Wendt space with L > 3 will not be discovered by searches for matched back-to-back circle pairs. In the length interval L = 3 to L = 6 exists only one matched back-to-back circle pair with radius α > 25
• and that only for very special observer positions x o . Therefore, there exists a range of sizes of the Hantzsche-Wendt space having a significant suppression of large-scale correlations without betraying themselves by back-to-back circle pairs for general observers.
The ) and (0, 1 2 , 0) are distinguished, we will investigate them in more detail below. Figure 3 shows the width of the distribution of the medians of S(60 • ), and thus does not reveal the distribution of the medians for a fixed observer position x o . This information is provided by figure 5 which displays the distribution for several observer positions x o . Since the distributions are very asymmetrical having a pronounced tail towards large values, the histograms are plotted using a logarithmic scale. With such a scaling the distributions virtually look almost like Gaussians, but they are not, of course. For the three topological scales L = 2.7, L = 3.1, and L = 4.5, the histograms belonging to 8 different positions are shown in comparison to the distribution of the ΛCDM model which is shaded in grey. All histograms are based on 100 000 simulations and reveal the position dependence of the distributions. The histograms show the degree of how much the distributions of the Hantzsche-Wendt space are shifted towards smaller medians of S(60
• ) compared to the ΛCDM model. Note that due to the logarithmic scale, the difference between the Hantzsche-Wendt space and the infinite space is more pronounced than figure 5 suggests. The switch of the positions belonging to extreme medians described in connection with figure 4 can also be seen in figure 5 . Panels (a) and (b), belonging to L = 2.7 and L = 3.1, respectively, show that the histogram belonging to (x, y, z) = ( ) is shifted towards small medians, while the histogram belonging to (0, 1 2 , 0) is shifted towards the ΛCDM histogram. Panel (c), belonging to L = 4.5, shows the reverse behaviour so that the distribution due to (0, 1 2 , 0) has smaller medians as well as the most pronounced peak.
Since the CMB observations point to an exceedingly small value of S(60 • ), the most important detail in the histograms lies in the left tail. The paper [29] discusses only log 10 (S(60
(c) L = 4.5 Figure 5 . The distribution of log 10 (S(60 • )) is shown for three different topological lengths L in panels (a) to (c). The histograms are computed from 100 000 simulations for various positions (x, y, z) of the observer as stated in the legend. In addition, all panels show the corresponding distribution of the ΛCDM model. L % Figure 6 . The probability given in percent % is plotted for obtaining a model with an value of S(60
• ) below the threshold 1000µK 4 , 1500µK 4 , and 2000µK 4 , respectively. The probabilities are obtained from 100 000 simulations and the value is taken for that observer position for which the largest probability occurs. The straight horizontal lines give the corresponding probabilities of the ΛCDM model. the lack of large-angle correlations in the cut sky, but the values listed in their tables 1 and 2 are always below 1900µK
4 for different combinations of CMB measurements and masks. Although these S(60
• ) values refer to the cut sky, we nevertheless compute the corresponding values for our full-sky simulations. The cut-sky maps are discussed in the next section.
To calculate the likelihood that a given model has a correlation of S(60 • ) below a given threshold S threshold , a set of 100 000 CMB simulations is generated and the number of simulations having S(60 • ) < S threshold gives the probability p(S threshold ). For the ΛCDM model, one gets the probabilities p(1000µK 4 ) = 0.044%, p(1500µK 4 ) = 0.158%, and p(2000µK 4 ) = 0.363%. For the Hantzsche-Wendt space we compute the probabilities for these thresholds for the observer position x o belonging to the minimum of median of the S(60
• ) distribution as shown in figure 4 . Throughout the considered L interval the Hantzsche-Wendt probabilities are higher than the corresponding ones of the ΛCDM model. As expected for L < D sls the occurrences of small medians are much more likely for the Hantzsche-Wendt space than for the ΛCDM model. A pronounced peak probability occurs around L ≃ 2.4. Let us now turn to a comparison which takes a mask into account.
Analysis with WMAP mask kq75 9yr
In this section we analyse the reduction of large-scale correlations of the HantzscheWendt topology in the presence of a mask. As pointed out in [29] the correlations on the cut sky are already unusually low, so that it is not compelling to delve into a full-sky reconstruction which will burden the analysis with unknown biases. Thus we will now focus on the cut-sky correlations which will be derived analogous to the observational data in order to provide an internally consistent comparison of the largescale correlations.
The correlations of the Hantzsche-Wendt space are obtained according the following pipeline. At first the expansion coefficients of the temperature anisotropy (14) are computed using
where ξ k lm ( x o ) is given by equation (13) . Since the generators (1) single out the axes of the coordinate system, the CMB radiation is statistically anisotropic. Therefore, a random rotation is applied to the coefficients a lm which is done using the Wigner D matrices D l m 1 m 2 (α, β, γ), where α, β, γ denote the Euler angles of the rotation. Choosing the rotation angles α, β, γ uniformly distributed over their definition interval, one gets simulated sky maps with a random orientation of the fundamental cell. In the next step the monopole and dipole is removed. Thereafter a full-sky map is generated and the kq75 9year mask of the WMAP team [26] is applied. From this cut-sky map the coefficients a lm are computed which in turn lead to the pseudo-C l
This allows the computation of the pseudo-correlation function
takes the correct normalisation into account. The spherical expansion coefficients of the mask are denoted by w lm . Thereafter the final step is the calculation of S(60
We investigate the distribution of S(60 • ) for the regular Hantzsche-Wendt space with L = 2.7, 3.1, and 4.5. The two special points (x, y, z) = ( ) and (0, • ) from 100 000 simulations as described above. The results are shown in figure 7 where an overlay of the 200 histograms is plotted for each case of L and x o . In addition, the distribution for the ΛCDM model is displayed as the histogram shaded in grey. The application of the kq75 9yr mask modifies the ΛCDM histogram only slightly, as can be inferred from figure 7. Furthermore, the figure reveals the anisotropic behaviour of the cut-sky maps of the Hantzsche-Wendt space, since the histograms differ only in the orientation of the CMB maps determined by α, β, γ. One Figure 7 . The distribution of log 10 (S(60 • )) is shown for three different topological lengths L in panels (a) to (f). In contrast to figure 5, the distributions are computed for 200 random orientations of simulated sky maps relative to the kq75 mask. The histograms are based on 100 000 simulations for the observer position (x, y, z) stated in the legend. In addition, all panels show the corresponding distribution of the ΛCDM model using the kq75 mask. To demonstrate the modest influence of the mask in the case of the ΛCDM simulations we also show its distribution without a mask.
sees that the histograms are significantly shifted towards smaller values of S(60
• ) for L = 2.7 and L = 3.1 compared to the ΛCDM case.
Although the Hantzsche-Wendt topology possesses significantly smaller large-angle correlations than the ΛCDM model, the most interesting point lies in the tail of the distribution towards very small values of S(60
To discuss that issue we compute the probabilities p(S threshold ) from the 200 histograms for the six cases shown in figure 7 . The table 1 gives the result together with the probabilities belonging to the ΛCDM case with and without the application of a mask. One observes that, as expected, the probabilities p(S threshold ) are always enhanced with respect to the ΛCDM model. 4 ) are computed for CMB maps which are masked using a random orientation relative to the kq75 mask. The distributions of S(60 • ) belonging to the first six models are shown in figure  7 . Only the last row of the table refers to probabilities computed without applying a mask.
Since the 3-torus topology is well studied, it is interesting to compare it with the Hantzsche-Wendt topology. Because the volume of the regular Hantzsche-Wendt space is 2 L 3 , i. e. twice that of the cubic 3-torus having a volume of L 3 , the 3-torus length L = 4 corresponds to the regular Hantzsche-Wendt space with L = 4/2 1/3 ≃ 3.17 by volume. So we compare the cubic 3-torus with L = 4 with the Hantzsche-Wendt manifold with L = 3.1 in the following. Although the 3-torus topology is homogeneous, its CMB radiation is not statistically isotropic. The same procedure that is applied to cut-sky simulations in the case of the Hantzsche-Wendt space is also applied for the 3-torus topology. Their CMB maps were rotated by randomly chosen Euler angles, and the kq75 mask is used. Figure 8 shows the histograms for the cubic 3-torus with L = 4 analogous to figure 7 demonstrating the degree of anisotropy. The probabilities p(S threshold ) of this cubic 3-torus topology are also given in table 1. Since the 3-torus topology is homogeneous, it does not possess a position dependence, and a single row in the table suffices. Comparing the torus probabilities with the Hantzsche-Wendt space with L = 3.1, one observes that they lie between the probabilities of the Hantzsche-Wendt observer positions belonging to the highest and the lowest probability, respectively. So one concludes that the suppression of large-scale correlations of the 3-torus is comparable to the Hantzsche-Wendt topology. However, the 3-torus has at that size several matched back-to-back circle pairs which contrasts to the Hantzsche-Wendt case as discussed in section 2.
Summary
The observed low amplitudes of large-angle temperature correlations C(ϑ) could be explained naturally by multiply connected spaces if their sizes fits well within the surface of last scattering from which the CMB radiation originates. Because of missing convincing hints for matched circle pairs in the CMB sky, the explanation for the suppression of correlations as a consequence of a non-trivial cosmic topology is currently somewhat disfavoured. We thus devote this paper to the Hantzsche-Wendt manifold which is a compact and orientable manifold and lives in the flat three-dimensional Euclidean space E 3 . It is shown that the regular Hantzsche-Wendt space with lengths L 3 in units of the Hubble length L H possesses only for carefully selected observer positions a single matched back-to-back circle pair. For general observers there will be none. There are non-back-to-back circle pairs, but they are much harder to detect due to the enhanced background of spurious signals. It is shown that Hantzsche-Wendt spaces with L ≃ 3 possess large-angle correlations which are reduced around a factor of two or more in comparison to the ΛCDM concordance model. Furthermore, the amplitude of the correlations in the Hantzsche-Wendt topology is comparable to that of the 3-torus topology, if spaces of the same volume are considered. However, in contrast to the Hantzsche-Wendt space, the 3-torus has matched back-to-back circle pairs at that size.
So we conclude that a Hantzsche-Wendt space around L ≃ 3 is a viable model for the spatial structure of our Universe which might escape the detection by searches after matched circle pairs and nevertheless has low large-angle temperature correlations.
